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Abstract
A model invariant under a supersymmetric extension of the rotation group 0(3) is mapped,
using a stereographic projection, from the spherical surface S2 to two dimensional Euclidean
space. The resulting model is not translation invariant. This has the consequence that fields
that are supersymmetric partners no longer have a degenerate mass. This degeneracy is
restored once the radius of S2 goes to infinity, and the resulting supersymmetry transformation
for the fields is now mass dependent. An analogous model on the surface S4 is introduced, and
its projection onto four dimensional Euclidean space is examined. This model in turn suggests
a supersymmetric model on (3 + 1) dimensional Minkowski space.
1 Introduction
The relationship between the conformal group [1,2] in Minkowski space and the anti-de Sitter group
is well established [3,4]. An analogue exists between the conformal group in Euclidean space and
the rotation group. This has led to a mapping of models in an n+1 dimensional spherical space to
an n dimensional Euclidean space [5,6].
It has been possible to construct models that are invariant under supersymmetric extensions of
the invariance present in spaces of constant curvature (such as spherical or anti-de Sitter spaces) [7-
11]. In such models the generators of the supersymmetry transformation are no longer the “square
root” of the generator of translations. As a result there is no degeneracy between the Boson and
Fermion masses as occurs in the supersymmetric extension of the Poincare´ group. This degeneracy
1
is a major problem when trying to construct supersymmetric models that are phenomenologically
viable.
In this paper we seek to avoid the degeneracy in masses between Bosonic and Fermionic fields
that are supersymmetric partners. To show how this might be done, we first examine a model on
the sphere S2 of radius R that is invariant under a supersymmetric extension of the group 0(3) and
show how a stereographic projection can be used to project it onto two dimensional Euclidean space.
The resulting model is explicitly dependent on x2 so that it is not translationally invariant. This
lack of translation invariance means that it becomes possible to break the degeneracy in Bosonic
and Fermionic masses. As R→∞, this degeneracy as well as translational symmetry are restored.
We then use this model to introduce a supersymmetric model on the sphere S4 and consider its
projection onto four dimensional Euclidean space, again taking the limit R→∞. A version of this
model in (3 + 1) dimensional Minkowski space is given.
2 The Model
In three Euclidean dimensions, irreducible spinors are two component Dirac spinors. If the generator
of rotations is Ja, of supersymmetry transformations is Qi and Z is a “central charge”, then a
suitable supersymmetry algebra is [10,11]
[
Ja, J b
]
= iǫabcJc (1a)
[Ja, Qi] = −
1
2
τaijQj (1b)
[Z,Qi] = ∓Qi (1c){
Qi, Q
†
j
}
= Zδij ∓ 2τaijJa (1d)
where τa is a Pauli spin matrix satisfying
τaτ b = δab + iǫabcτ c. (2)
Representations of this algebra are discussed in ref. [10]; it is shown there that the eigenvalues of
Z form an upper bound to the eigenvalues of J2.
A supersymmetric action for a complex scalar Φ, a two component Dirac spinor Ψ and an
auxiliary complex scalar F is [10]
S2 =
∫
dA
R2
[(1
2
Ψ†(τ · L+ ρ)Ψ− Φ∗
(
L2 + ρ(1− ρ)
)
Φ
− 1
4
F ∗F
)
+ λN
(
2(1− 2ρ)Φ∗Φ− (F ∗Φ + FΦ∗)
−Ψ†Ψ
)N] (
La ≡ −iǫabcηb∂c, ρ = constant) . (3)
In eq. (3), N is a positive integer and λN a coupling constant. This action is invariant under the
supersymmetry transformation
δΦ = ξ†Ψ (4a)
δΨ = 2(τ · L+ 1− ρ)Φξ − Fξ (4b)
δF = −2ξ†(τ · L+ ρ)Ψ (4c)
as well as
δΦ = σi [2(1− ρ)Φ− F ] (5a)
δΨ = σi(1 + 2τ · L)Ψ (5b)
δF = σi
[
−4
(
L2 + ρ(1− ρ)
)
Φ+ 2ρF
]
(5c)
where ξ is a Grassmann two component Dirac spinor and σ is a real scalar (both are constants). A
surface element on the sphere η2 = R2 embedded in three dimensions is dA. The transformations
of eqs. (4,5) are consistent with the algebra of eq. (1). This is in part because the operator La in
eq. (3) satisfies the same algebra as the generator of rotations Ja (eq. (1a)).
If now we define
Λ± =
1± iτ · η/R√
2
= (Λ∓)
† = (Λ∓)
−1 (6)
then as by eq. (2)
(τ · L+ 1)τ · η = −τ · η(τ · L+ 1) (7)
we have
Λ±(τ · L+ 1)Λ∓ = ±i
τ · η
R
(τ · L+ 1). (8)
By eq. (8), if Ψ = Λ−Ψ
′, ξ = Λ−ξ
′, then the Fermionic terms in the model of eq. (3) become
SΨ =
∫
dA
R2
[
1
2
Ψ′†
(
iτ · η
R
(τ · L+ 1)− (1− ρ)
)
Ψ′
+ λN
[
−Ψ′†Ψ′
]N ]
. (9)
The invariances of eqs. (4,5) are similarly transformed.
We now consider how a stereographic projection can be used to map a sphere in (n+1) dimensions
onto an n dimensional plane. In refs. [5,6] it is shown that under the change of variable from xa to
ηa in (n+ 1) dimensions
ηa = Rha + 2
xa − hax2/R
1− 2x · h/R + x2/R2 (10)
the plane x · h = 0 is mapped onto the sphere η2 = R2. (The vector ha is a unit vector in the
direction of ηn+1.) On this plane we have the stereographic projection ηn+1 = R
(
1−x2/R2
1+x2/R2
)
and
ηi = 2x
i
1+x2/R2
(i = 1 . . . n). It follows that if
κ = 1 + ηn+1/R =
2
1 + x2/R2
(11)
then [5,6]
dnx = κ−ndA. (12)
The fields Φ and Ψ′ map onto fields φ and ψ so that [12,13] in general for n dimensions
Φ = κ1−n/2φ (13a)
Ψ′ = κ(1−n)/2(κ/2)1/2(1− h · α x · α/R)ψ (13b)
≡ κ(1−n)/2Uψ (U−1 = U †)
where αa is a matrix in n+ 1 dimensional space satisfying the Clifford algebra{
αa, αb
}
= 2δab. (14)
If now
γab =
−1
4
[
αa, αb
]
(15)
and
Lab = −
(
ηa∂b − ηb∂a
)
(16)
then in three dimensions where αa = τa (by eq. (2)), γab = −1
2
iǫabcτ c and Lab = −iǫabcLc with Lc
defined in eq. (3) so that
τ · L = −γabLab (17a)
LabLab = −LaLa. (17b)
It can then be shown that [12] under the transformation of eq. (13), in n dimensions∫
dAΦ∗
(
LabLab − 1
2
n(n− 2)
2R2
)
Φ =
∫
dnx φ∗∂2φ (18)
and [13] ∫
dAΨ′†
(
α · η(γabLab − n/2)
R2
)
Ψ′ =
∫
dn xψ†α · ∂ψ. (19)
We now can revert to n = 2 dimensions. Eqs. (12,13,17,18,19) show that the model of eqs. (3,9)
becomes in two dimensional Euclidean space
S2 =
∫
d2x
[(
− 1
2
ψ†
(
i
R
τ · ∂ + κ(1− ρ)
R2
)
ψ + φ∗
(
∂2 − κ
2ρ(1− ρ)
R2
)
φ
− κ
2
4R2
f ∗f
)
+
λNκ
2
R2
(
2(1− 2ρ)φ∗φ− (f ∗φ+ fφ∗)− κ−1ψ†ψ
)N]
(20)
where F = f (from eq. (13a)). Since RUτ · hU−1 = τ · η, it follows from eq. (13) that eq. (4)
becomes
δφ = κ−1ζ†ψ (21a)
δf = 2iκ−2Rζ†τi
∂
∂xi
ψ + 2κ−1(1− ρ)ζ†ψ (21b)
δψ = −2
(
iκ−1Rτi
∂
∂xi
+ ρ
)
φζ − fζ. (21c)
Here ξ = κ−1/2Uζ as in eq. (13b). Both the model of eq. (20) and the symmetry of eq. (21) lack
translation invariance because of the contribution of κ defined in eq. (11). However, because the
supersymmetry transformation is no longer a “square root“ of a translation, the fields φ and ψ in
eq. (20) no longer have degenerate masses.
Upon making the rescalings
ψ →
√
Rψ, ρ→ Rρ, φ→ φ, f → Rf, ζ → ζ/
√
R, λN →
λNR
2−N
4
(22)
and letting R→∞, eqs. (20) and (21) become
S2∞ =
∫
d2x
[
− 1
2
ψ† (iτ · ∂ − 2ρ)ψ + φ∗ (∂2 − 4ρ2)φ− f ∗f (23)
+ λN
(
−4ρφ∗φ−
(
fφ† + f ∗φ
)
− 1
2
ψ†ψ
)N ]
and
δφ =
1
2
ζ†ψ (24)
δf =
i
2
ζ†τ · ∂ψ − ρζ†ψ
δψ = − (iτ · ∂ + 2ρ)φζ − fζ
respectively. Similarly, as R→∞, the transformations of eq. (5) become
δφ = −σi(2ρφ + f) (25)
δψ = 4στ · ∂ψ
δf = 2σi
[
2
(
∂2 + ρ2
)
φ+ ρf
]
.
Upon letting R→∞ all dependence of the action S2∞ and of the supersymmetry transformation
on x2 is lost and translational symmetry is restored. We note that after eliminating f and f ∗ from
the action by using their equations of motion when λN = 0(N > 1), the terms in S∞ that are
bilinear in ψ†ψ and φ∗φ are respectively
(
ρ− λ1
2
)
ψ†ψ and 4
(
ρ− λ1
2
)2
φ∗φ and so the degeneracy
between the Boson and Fermion masses is restored.
The supersymmetry transformation of eq. (24) is unlike the one occurring in the original Wess-
Zumino model [14] in that it involves the dimensionful parameter ρ, and the symmetry of eq. (25)
is novel. These two symmetries are a result of the supersymmetry algebra of eq. (1).
Two supersymmetric extensions of the 0(5) algebra are [10][
JAB, Qi
]
= −ΣABij Qj (26a)
[Z,Qi] = ∓Qi (26b){
Qi, Q
†
j
}
= Zδij ± ΣABij JAB (26c)
and [
JAB, Qi
]
= −ΣABij Qj (27a)[
JAB, ZC
]
= δACZB − δBCZA (27b)[
ZA, Qi
]
= −1
2
γAijQj (27c)
[Z,Qi] = −Qi (27d)[
ZA, ZB
]
= −JAB (27e){
Qi, Q
†
u
}
= ±
(
3
2
Zδij − γAijZA + ΣABij JAB
)
. (27f)
The fact that these algebras are related to the supersymmetry algebra of eq. (1) suggests that the
following action on a sphere S4 of radius R
S4 =
∫
dA
R4
{[
Ψ†
(
ΣABLAB + µ
)
Ψ+
1
2
Φ∗
(
LABLAB + 2µ(µ+ 3)
)
Φ
− F ∗F
]
+ λN
[
(2µ+ 3)Φ∗Φ− (F ∗Φ + FΦ∗)
−Ψ†Ψ
]N}
(N = 1, 2, 3 . . .) (28)
where Ψ is a four component Dirac spinor, Φ and F are complex scalers, and µ and λN real constants.
Using the identity
γAγBγC = δABγC − δACγB + δBCγA + ǫABCDEΣDE (29a)
it follows that (
ΣABLAB
)2
= −1
2
(LAB)2 + 3ΣABLAB (29b)(
ΣABLAB − 2) γCηC = −γCηC (ΣABLAB − 2) . (29c)
From this, it is possible to show that eq. (28) is invariant under the supersymmetry transformation
δΨ =
(
ΣABLAB − µ− 3
)
Φξ + Fξ (30a)
δΦ = ξ†Ψ (30b)
δF = ξ†
(
ΣABLAB + µ
)
Ψ (30c)
where ξ is a constant Grassman spinor.
Again using the stereographic projection of eqs. (10, 13) and then after rescaling
ψ → R3/2ψ, µ→ Rµ, φ→ Rφ, f → R2f, λN → R4−3NλN/16 (31)
and letting R→∞, we end up with the action
S4∞ =
∫
d4x
{
ψ† (iγ · ∂ + 2µ)ψ + φ∗
(
∂2 + 4µ2
)
φ− 4f ∗f
+ λN
[
1
2
µφ∗φ− 1
4
(f ∗φ+ fφ∗) +
1
8
ψ†ψ
]N }
(32)
which is invariant under the supersymmetry transformation
δψ =
(
i
4
γ · ∂ − µ
2
)
φζ +
1
2
fζ (33a)
δφ =
1
4
ζ†ψ (33b)
δf = ζ†
(
i
8
γ · ∂ + µ
4
)
ψ. (33c)
Eqs. (32, 33) are four dimensional versions of eqs. (23, 24). They also suggest a supersymmetric
model in (3 + 1) dimensional Minkowski space; it is
SM =
∫
d4x
{
ψ(iγ · ∂ + 2µ)ψ + φ(∂2 + 4µ2)φ− 4f 2 (34)
+ λN
[
1
2
µφ2 − 1
2
fφ+
1
8
ψψ
]N }
where now ψ is a Majorana spinor and f and φ real scalars. The action SM is invariant under the
supersymmetry transformation
δψ =
(
i
4
γ · ∂ − µ
2
)
φζ +
1
2
fζ (35a)
δφ =
1
4
ζψ (35b)
δf = ζ
(
i
8
γ · ∂ + µ
4
)
ψ. (35c)
If λN = 0(N > 1) in eq. (32), the equation of motion for f can be used to eliminate f leaving us
with
SM =
∫
d4x
[
ψ
(
iγ · ∂ +
(
2µ+
λ1
8
))
ψ + φ
(
∂2 +
(
2µ+
λ1
8
)2)
φ
]
. (36)
3 Discussion
The model of eq. (20) is unusual, having explicit dependence on x2/R2. However, it does possess the
supersymmetry of eq. (21) as a consequence of the original model of eq. (3) being invariant under
the transformations of eqs. (4,5). Since this supersymmetry is not the “square root” of a generator
of translations, there is no degeneracy between the Boson and Fermion masses. This degeneracy is
restored if R→∞. Similar models have been devised in (4 + 0) and (3 + 1) dimensions.
We are examining if a more realistic model which incorporates supersymmetry in this fashion
can be devised. In particular, it is hoped that a model in 4 + 2 dimensions with a supersymmetry
that is an extension of an S0(4, 2) symmetry can be found and that this model can be projected
onto four dimensional Minkowski space. Radiative corrections to the models of eqs. (3, 28) are also
being considered.
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